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ABSTRACT

We derive asymptotic properties for the heat kernel of elliptic cone {or
Fuchs type) differential operators on compact manifolds with boundary.
Applications include asymptotic formulas for the heat trace, counting
function, spectral function, and zeta function of cone operators.

1. Introduction

We begin by discussing cone operators and their heat kernels. Let FE be a
Hermitian vector bundle over a compact manifold X with (connected) boundary
Y = 90X, on which there is a fixed boundary defining function x and a fixed b-
measure dm. Here, a b-measure is a density of the form x~!x a smooth positive
density on X. A cone differential operator is an operator of the form A = =™ P,
where P € Diffy’ (X, E) is a “totally characteristic” (or b-) differential operator.
Hence, A is a usual differential operator of order m on the interior of X such
that in any collar decomposition X = [0, ¢}, x ¥ near ¥ over which £ = E{y, A
takes the form

m
1
(1.1) A=Y Ap_i(@)@D,)*, D, = =0,
k=0
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where A,,_,(z) is a differential operator of order m—k on Y" depending smoothly
on z. The primary examples of cone differential operators are Dirac operators
and Laplacians associated to a conic metric on X.

Under natural ellipticity conditions on A € z~™Diffy" (X, E), called “full” or
“parameter” ellipticity, Gil [11] shows that the heat operator e~!# exists as an
operator between weighted Sobolev spaces. Thus, for some a € R we have

(1.2) e tA xe M L2(X,E) — 2®HL(X,E), for any ¢ € Ny,

where L2(X, E) denotes the sections of E that are square integrable with respect
to dm, and H{(X, E) consists of those u € L(X, E) such that Diff5(X, E)u C
L%(X,E). Gil also attains the following trace expansion: As ¢ — 0,

oo oo
(1.3) Tre~t4 ~ Z aptF—m/m 4 Z bit*/™logt, where n = dim X.
k=0 k=0

Trace expansion of cone operators has a long history stemming from Cheeger’s
paper [6] on the cone Laplacian, and has proceeded through many developments
in analysis on conic manifolds; see, for instance, Callias {5], Cheeger [7], Chou
[9], Briining-Seeley [3], Briining-Lesch [2], Lesch [16], Koral’ [14], and Mooers
[24]. We note that Mooers achieves the expansion (1.3) for the cone Laplacian
utilizing similar “blow-up” techniques as those featured in this paper.

For our first key result, we generalize (1.3) by adding a differential factor and
give formulas for certain coefficients in the expansion.

THEOREM 1.1: Let B € z—#Difff* (X, E), where m’ € Ny and 3 € R with
B < m. Then Be=*" is trace class on z* ™LZ(X,E) for t >0, and as t — 0 we
have

o0 o
(1.4) TrBe 4 ~ Y apt™ + Y {belogt + e Jt*=H/m,
k=0 k=0

where z, = (k — m’ — n)/m. Moreover, if { = z;, then

D06 Res(BAY), if 0 ¢ No;
(1.5) ar =

b *f (Res(Blog AAY), ifleN,.

mm-€!

Here, T'(z) is the Gamma function, Res(BA%) and Res(Blog AA?) are (Wodzicki)
residue densities which are defined in (3.11) and are discussed in the latter part
of Section 3.1, and finally, °f « denotes the regularized (or b-) integral over X
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(see Section 3.2). If { = (k — 3)/m, then

~IGE [y 05 {r*Res(BA) Yoo, 6 ¢ No;
(1.6) by = (
D" [ 9% {x*Res(Blog AA)}|,mo, if € € No.

Lastly, if 8 = 0, then the constant term of (1.4) is
1 R
(1.7) —T—n—y Res(Blog A) + Resg{T'(2)Ca(z; B)}.
X

The function Ca(z; B) is described below, and Reso{T'(z)C4(z; B)} denotes the
regular value of I'(2)Ca(z; B) at z =

If X 2 [0,¢), x Y, near Y, then the diagonal in X? has the same decomposition
near its boundary. Thus, if tr Be~*4 denotes the pointwise trace of Be*4 on the
diagonal, then near x = 0, tr Be~*4 is a function of ¢, z, and y. Integrating out
the y variable, we show that if s = ¢*/™ and v = x/s, then [, tr Be 74 = k(s,v),
where k(s,v) is smooth for s € [0,00) and v € (0,00). Then,

(a(z:B) = f%s/o v‘k(O,v)%,

and we show that {4 (z; B) is a meromorphic function on C. The function {4(z; B)
for B = Id was first studied by Lesch in [16, Sec. 2.2] where it was used to define
the eta invariant of a cone operator, which appears in an index theorem, see [16,
Cor. 2.4.7]. Related index theorems can be found in [9, 7, 4].

Our second main result (see Theorem 3.1) describes the Schwartz kernel of e ¢4
as a polyhomogeneous function on a blown-up manifold. Actually, to simplify
exposition, we don’t define the blown-up manifold, but rather we describe the

kernel of e—t4

using coordinates. Understanding the heat kernel on a blown-up
manifold was initiated by Melrose [22], and was developed by Mooers [24] for the
cone Laplacian. The precise description of the heat kernel can be used to extract
analytic properties of the kernel of the complex powers A of A; see [18].

We now discuss various applications. Our first application is concerned with
the zeta function of A. In [18] it is proved that, under certain conditions on
the resolvent (A — A)~™1, the complex power A exists as an entire family of

b-pseudodifferential operators. Using the expansion (1.4) we prove the following.

THEOREM 1.2 (Zeta Function): = — Tr BA* is defined and holomorphic for
Rez < min{(—m' —n)/m,—3/m}; and extends to be meromorphic on the whole
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complex plane, with (possible) simple poles on the set {z, (k — B)/m| k € No},
and with (possible) double poles on the set {(k—3)/m| k € Ny, (k—8)/m & No}.

Assume that A: *H(X,E) — 2% ™L2(X, E) is self-adjoint and positive
(the number « is the same one that appears in (1.2)). We describe a couple more
applications that deal with the counting function N (), the number of eigenvalues
of A less than A € R, and the spectral function of A:

e(pg N) = Y e 1e5(a), PgEX, Ae; =Ny,
/\]‘<)\

where the sum includes multiplicity of the eigenvalue, and where the e;’s are
orthonormal. (That A has discrete spectrum follows from [16, Prop. 1.4.7].)
Let a(p, &) be the principal symbol of A, and define

1

Cy = ——— tr{a(p,w)”™ ™ }dpdw,
T oy }

where $*X = (T*X ~ 0)/R* is the cosphere bundle, and the form dpdw is defined
by contracting the n-th power of the canonical symplectic form on T* X with the
radial vector field. Then the trace expansion (1.4) implies the following.

THEOREM 1.3 (Weyl Asymptotics): As A — 0o, we have
(1.8) N(X) — caA™ = o(AV™),

The right-hand side can be replaced with O(A"=1/™) for the scalar Laplacian
on a conic manifold; see Kalka—Ménikoff [13] and Pham The Lai-Petkov [15].
The estimate (1.8) in the generality considered here also follows from Karol' [14].

Let ap(p, £) be the totally characteristic (or b-) principal symbol of 2™ A. Here,
(p, &) € bT;X, the b-cotangent bundle, with £ the fiber variable. Let

1

calp) = (2" [S;x tr{as(p, w) ™™}y,

where ®S*X = (°T*X ~ 0)/R* is the b-cosphere bundle, and where the density
dpw 18 defined by contracting the n-th power of the canonical symplectic form on
bT; X with the radial vector field and then dividing this form by dm(p), the fixed
b-measure on X. Our description of the heat kernel e=*4 implies the following.

THEOREM 1.4 (Asymptotics of the Spectral Function): As A — oo, we have

(1.9) tre(p,p, A/z™) — ca(p)AY™ = o(A™/™)
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where r = x(p) is the boundary defining function evaluated at p € X, and where
the o estimate is uniform for p € X, including up to the boundary.

The spectral function (or its Fourier transform) for the scalar cone Laplacian
has been investigated by Cheeger-Taylor {8], Kalka-Ménikoff [13], Pham The
Lai—Petkov [15], and Melrose~-Wunsch [23], among others.

In Section 2, we review a space of parameter-dependent operators that will be
used to understand the structure of the resolvent of an elliptic cone operator.
In Section 3, we use the resolvent structure to analyze the heat operator. In
particular, in Section 3.1 we describe the polyhomogeneous nature of the heat
kernel and in Section 3.2 we prove Theorem 1.1. Finally, in Section 4 we prove
Theorem 1.2, Theorem 1.3, and Theorem 1.4.

In conclusion, I thank the referee for helpful comments in improving this paper.

2. The resolvent of cone differential operators

The material in this section is taken from [19] and [20]. To simplify the exposition,
we will henceforth assume that £ = C is the trivial bundle. We make this
simplification so that definitions and theorems are less cumbersome to state.
However, there are analogous statements when vector bundles are present.

We begin by describing full-ellipticity. We use the same notation as in the
introduction. Let A € x7™Diff;"(X) be a cone differential operator. If A is
written in the form (1.1) near Y, then we associate to A the operator

I{A) = p™™ " Am—i(0)(pD,)".
k=0

We denote by %o, (x™A)(€) the totally characteristic {or b-) principal symbol of
x™A; see [22, Sec. 2.4]. The boundary spectrum, spec,(A4) C C, consists of points
T € C where the holomorphic family

T > Amop(0)7F: H™(Y) — L(Y)
k=0

fails to be invertible; see [22, Sec. 5.1]. On the manifold Y = [0,00), X ¥ we
define the spaces HS(Y ™), ¢ € Ny, o € R as follows. Let x € C%([0,00)) with
x(p) = 1 near p = 0. Then H%*(Y") consists of distributions u on Y such that
\u € p*HE(Y") and such that, given any coordinate patch ¢/ on Y diffeomorphic
to an open subset of S?~! and function ¢ € C°(U), we have (1—-y)pu € H(R?)
where (0,00) x S*~! is identified with R* ~{0} via polar coordinates.
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Definition 2.1: Let A C C be a closed sector (a closed angle with vertex at 0).
Then A € x~™Diff;’(X) is fully elliptic with respect to o € R on A if
(1) bopm(x™A)(€) — X is invertible for all £ # 0 and A € A.
(2} o ¢ —Imspec,(A).
(3) I(A)—=X: H™(Y ") — H?~™(Y") is invertible for all A € A sufficiently
large.

Remark 2.2:  “Full-ellipticity” is the terminology of Melrose; in the terminology
of Gil {11], full-ellipticity is called “parameter-ellipticity”.

If A is fully elliptic with respect to « on a sector A, then Gil [11] proves that
A= X a*HMX) — 2* ™LE(X)

is invertible for A € A sufficiently large. Our goal is to obtain precise information
on the heat operator
—tA ! —tA -1
e =5 / eTMA=NTdA

by first obtaining precise information on the kernel of the resolvent. A space of
parameter-dependent operators that can be used to extract precise information
on the resolvent was developed in [19]. To explain this program, we start by
describing their corresponding symbols. Similar symbols can be found in, e.g.,
Grubb-Seeley [12] and Shubin [25].

Given m € R and d € Z*, we denote by Sy~ d(R”) the space of functions
a € C°(A x R") satisfying the following estimates: for each a, /3,

10507a(A.€)] < C(1+ A/ 4 g)ym—lel=IA1,

The corresponding classical subspace is defined as follows: Given m € R and
d € Z*, the space STC‘Z.(]R") consists of those a(), €) € ST*(R™) such that

(2.1) 26~ Y AN Eam—;(A,6),
j=0

where Y (A, &) € C®(A x R?) with (X, €) = 0 near (A,€) = 0 and x(A,8) =1
outside a neighborhood of 0, where ap,—;(A,€) is a smooth function of (A, §) €
A x R* ~{(0,0)} such that am—;(8\,66) = 0™ T an,—;(A,€) for all § > 0, and
finally, where the asymptotic sum (2.1) means that for each N € Zt,

N-1

a(\ &) = > v\ Eam—;(A€) € SFTVIURY).

j=0
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The symbol a(A,€) € SK;%(R") is said to be holomorphically tempered if
it is holomorphic on a neighborhood of A and if there exists an ¢ > 0 such
that each homogeneous component a,,_;(A, &) extends to be a smooth function,
holomorphic in A, for (A,£) in the region

(nOeCx ® O AeA or <ee or il <A}

We are now ready to define our spaces of parameter-dependent cone operators.
The Schwartz kernels of these operators are associated with the blown-up mani-
fold X2, which is “X? blown-up along ¥ x Y. The now familiar picture of X7,
along with its various submanifolds, is shown in Figure 1. For more on blow-ups
see [10] or [21]. Let dm’ denote the b-density dm lifted to X2 under the right
projection X2 3 (p,q) — ¢q € X, and fix a boundary defining function ¢ for f.

Ib A, Kb

rb

Figure 1. A geometric picture of X?. The submanifold A, is the
diagonal of X? lifted to X?2.

Let m € R and d € Z*. Then we define \I/Z?,‘\d(X) as the space of operator
families Q(A) defined for A € A that have a Schwartz kernel K¢y, satisfying the
following two conditions:

(1) Given € CZ(X7~ Ayp), the kernel iy is of the form k(0% p)dw/,
where k(),p) is a smooth function of (A, p) € A x X7, and where k(),p)
vanishes to infinite order (that is, with all derivatives) at the sets A x lb
and A x rb and as |A| — oo in A.

(2) Given a coordinate patch of X? overlapping A, of the form i, x R? such
that A, =2 U x {0} and given ¢ € C (U x R™), we have

1
(27)"

PR Q) :/ei:{q(é)d/\,yﬁf)d&dm'a a¢ = dg,

where y — g(\,y, &) € C®(U; SY5H(RY)).
If, in addition, Q(A) is holomorphic on a neighborhood of A, and if its local
symbols take values in the holomorphically tempered symbols, then Q()) is called
holomorphically tempered.



292 P. LOYA Isr. J. Math.

Remark 2.3: The space of b-pseudodifferential operators W' (X) is defined in
the same way except that in (1), the kernel is of the form k(p)dm’, where k(p)
is a smooth function on X? that vanishes to infinite order at b and rb; and in
(2), the symbol is of the form q(y,£), where y — ¢(y,£) € C*(U; ST (R")) with
ST (R™) denoting the classical symbols on R* of order m.

Before we introduce our next spaces of parameter-dependent operators, we
review asymptotic expansions. An index set is a subset F C C x Ny such that if
{(z,k) € F, then (24 {,j) € F for all £ € Ny and 0 < j < k, and such that given
any N € Ny, {(z,k) € F| Rez < N} is a finite set. Then a smooth function u
on the interior of X has an asymptotic expansion at Y with index set F' if it has
the property that given any N € Z*, on a collar [0,¢), x Y, we have

(2:2) w(z,y) - Z a*(logx)Fu(, 1y (y)| < CzV,

(z,k)EF Rez<N

for some functions u(, x)(y) on Y. Given any b-differential operator P, we require
that Pu has the same property. For any manifold with corners M, one can define
an asymptotic expansion at a boundary hypersurface H of M with index set F in
a similar fashion; see [22, Sec. 5.10] or the appendices of [10] or [21]. Essentially,
one requires a condition similar to (2.2) to hold in any collar of H.

Recall that dm’ denotes the b-density dm lifted to X2 under the right projection
X?3(p,q) — g € X. Let F = (F, Frp, i, F) be a set of four index sets. We
define \II;XO‘d'f(X ) as the class of operator families R(A} depending smoothly on
A € A that have a Schwartz kernel K'p(y) satisfying the following two conditions:

(1) Given € C°(X2ff), the kernel @K gy is of the form k(), p)dm’, where

k(A,p) is a smooth function of (A, p) € A x int(X7?) that vanishes to infinite
order as |A| — oo and can be expanded at the sets A x 1b and A x rb with
index sets Fj, and Fyp respectively.

(2) Let [0,€),x 1, be a collar of ff in X? and let ¢ € C°([0,¢),x ff,). Then for

A in compact subsets of A, the kernel pRg(y) can be expanded at ¢ = 0,
y € lb, and y € rb with index sets Fy, Flp, and Fiy, respectively. For A
large, 9 gy can be written in the form k(r,v,8,y)dm’, where r = |A|~1/¢,
v = p|A]}/4, and @ = )\/|A|. Moreover, k vanishes to infinite order as v — co;
is smooth in 6; and k has expansions at r =0, v =0, y € lb, and y € rb
with index sets F', Fi, Fip, and Fyp, respectively.

Our third and final space of operators is defined as follows. Let G = (Gip, Grb)
be a pair of index sets. Here, Ib represents the left boundary ¥ x X of X? and
rb the right boundary X x Y of X2. The space \I/XOO’Q(X) consists of integral



Vol. 136, 2003 ASYMPTOTICS OF THE HEAT KERNEL 293

operators S{A) that have a Schwartz kernel of the form k(\, p)dm’, where k(A, p)
is a function on A x X? that is smooth in A € A, vanishing to infinite order as
IA] = oo in A, and can be expanded at the sets A x 1b and A x rb with index sets
G, and Gy respectively.

Given any s € R, HJ(X) consists of those distributions u such that ¥3(X)u C
L}(X). Then (see e.g. [22]) any A € 2~ ™Diff}"(X') defines a continuous linear
map

(2.3) A:2*HY(X) — 2 ™H;7™(X) forany a,s € R
Qur main result concerning resolvents is the following.

THEOREM 2.4 ([19, Th. 6.1]): Let A € z~™Diff;"(X), m € Z™, be fully elliptic
with respect to a € R on a sector A. Then for A € A sufficiently large,

A—XaHy(X) — 2 ™H, ™(X) foranys€R,
is invertible, and given B € x‘BDiff{,”, (X) where g € R and m’ € Ny, we have
B(A-XN)""= Q) + R\ + 5N,

where Q(\) € z™~# \I’Z;\_m‘m(.Y) is holomorphically tempered, and where R()\) €
;U_B\Il;f\o’m’ﬂa)(}() and S(\) € ;r._B\I/XOO’g(a)(X) for some index families F(c)
and G(a).

As noted, this result is just [19, Th. 6.1]. Actually, the theorem of loc. cit. was
established without the factor of B or the holomorphically tempered condition,
but the proof can be easily modified to accommodate these extra features. The
index sets F(a) and G(a) are defined as follows; cf. [19, Sec. 3]. The order of a
pole 7 € spec.(A) is denoted by ord(r). We define

E*(a) = {(z+ 7, k)| r € Ng, 7 = Fiz € spec(A) + im,

1<k+1< Zord(r —im Fif), and Rez > £(a — m)}.
=0

For index sets E and F, we define EUF = EUF U {(z,k+ ¢+ 1)| (2,k) €
E,(2,0) € F}. Set E%(a) = EX(0)UE%(a). Then,

(2.4) g(a):(Glb(a),Grb(a))—(E+( )+m E”(a @),

(2.5)  Fla) = (4(a), E(a),No +m), Ela) = ( ( )+ E () +m.

Later we will need the following index set:

(2.6) E(a) = (E*(a) + E~(a) + m) U E(a).
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3. The heat operator

Henceforth, we assume that our sector A is of the form

(3.1) Assumption: A= {A €| gy <arg()) <27 —ep}, where 0 < gp < 7/2,
and we let I' denote an anti-clockwise contour in A of the form

(3.2) T=a+{Ne (| arg(A\) =d or arg(A\) =2 -0}, a<0, g <d<m/2

Let A € z~™Diff}*(X), m € Z™, be fully elliptic with respect to a € R on A.
Then by Theorem 2.4, {A — X)~! exists for A € A sufficiently large. Let T’ be any
contour in A of the form given in (3.2) such that (A — A)~! exists on and outside
of I'. Then the heat operator of A is defined by

et = i/e-“(A— N7, t>0.
27'[' r

3.1. THE SCHWARTZ KERNEL. Let B € x”BDiffZ" (X), BER, m' € Nyg. Our
goal is to describe the Schwartz kernel of Be *4. To do so, we use Theorem 2.4

to write B(A — A)~! = Q(A) + R(A\) + S(A). Hence,
Be™'4 = Q(t) + T(¢),

where

1

L[ et Qdy, T = o /F e~ (R(N) + S(N))d\.

63 Q- |

27([‘

THEOREM 3.1: The following properties hold:

(A) Let o € CX(XZ~Ayp). Then, oKq) is of the form x=Pkg(t/o™, p)dn,
where kq(t,p) is a smooth function of (t,p) € [0,00) x X? vanishing to
infinite order at t =0, t = oo, p € b, and p € rb.

(B) Let ¢ € C®(X?) have support in a coordinate patch U, x R? of X} over-
lapping Ay such that Ay = U x {0}. Then we can write

; t
- —_ =B iz (Y . 4
eRou == /e q(gm,y,é)dﬁ du,

where ¢ € C*([0,00); x Uy x RY) and has the following properties:
(a) There exists a constant n > 0 such that q(t,y,£) satisfies the
estimates: for any k, v, and o,

(34)  [0F0702(t,y.€)] < C(L+ [g™ +miiolemtaCiHiel™,
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(b) If N € Z*, then we can write

N-1

99,6 = D ¢;(t,4.6) + v (t 3. £),

7=0

where q;, 7N € C®([0,00)¢ X Uy, X Rg), and satisfy
(i) q; (6™, y,08) = 8™ ~Iq;(t,y,€) for all § > 0;
(i) g;(t,y.&) satisfies the estimate (3.4) with mk replaced with
mk — j and with e~ "™} repjaced with e 1€
(iii) rn satisfies the estimate (3.4) with mk replaced with mk — N
and with e~ HE™) replaced with e=tléI™ .
(C) Q(t) — B continuously in 2=P¥P (X) as t — 0.
(D) Ift = s™, then the kernel of T(t) is of the form

Krpy = 2 Pk (s, g,p)(lm’, pe X2,

where kr(s,v,p) Is smooth in p € X,? except at 1b and rb where it has
expansions with index sets Gy, («) and G, () respectively; smooth in s €
[0, 00); and smooth in v € (0, 00), vanishes to infinite order as v — oo, and
can be expanded at v = 0 with the index set E {v). Here, the index sets
Ghp(a), Grp(e), and E(a) appear in (2.4) and (2.6).

Proof: 'We begin with (A). Since Q()) € arm_ﬁ\ll:?’A'm’m (X), by definition of
this space it follows that we can write pR'g(,) in the form 1‘"597”15(9( o™\, p)dw’,
where IEQ( A,p) is a smooth function of (A, p) € A x X2 vanishing to infinite order
at the sets A x Ib and A x rb and as |A| — oo in A. It follows that

.I‘BQ[\—Q(” = %/re_f’\g”"/}Q(gn’/\,p)(i/\-dm'.

Making the change of variables A — ¢~™\ and using the fact that Q()\) is
holomorphic so that the contour ¢TI can be shifted back to I', we can write

P oRou = ZL / e~ WA EG (A, p)dA - dw = ko (t/o™ . p)dw’,
TJr

where

; 5
kolt.p) = Q—/FP_MkQ(/\.p)d/\.

s

Since @Q(A) is holomorphic on a neighborhood of A, the contour T’ can be shifted
to the right of the imaginary axis. It follows that kg(t,p) vanishes exponentially
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as t — oo. The other asymptotic properties of kg(t,p) follow directly from the
properties of kg (A, p).
We now consider (B). Here we can write

P pKqp) = /eiz'gd(emx\,y,é)dé-dm',

where y — G(\, y,&) € C(U; Sz;zm’m(R")). Following the same line of reason-
ing used in the proof of Part (A) gives

P oRqq = /eiz'sqa/@m,y,f)df-dm’,
where
i [
(35 alt..6) = 5= [ a0 p O
TJr

Now all the properties of q(t,y, &) follow from [20, Sec. 5, 6], where we analyzed
Laplace transforms such as (3.5). Moreover, the analysis in loc. cit. together with
Part (A) prove Part (C).

Thus, we are left to prove (D). We focus on describing the Schwartz kernel
of T(t) near ff. Near ff, let X7 2 [0,¢), x ff,. Now recall that PR(A) +
S\ € L™ OX) + 1Y (X) ¢ v ™ W(X) where F(a) =
(G(a), E(a),Np + m) (this inclusion is straightforward to verify). Thus, we can
write

2P K poayesoy = k(r,v,0,y)dm’, =AY v = A]V™,

where k(r,v,6,y) has expansions at » = 0 with index set Ny + m; at v = 0 with
index set E(a); at y € 1b with index set Gip(a); at y € rb with index set Gy (0);
and vanishes to infinite order as v — co. Now by (3.3), with ¢t = s™, we have

JI'BA'T(t) - * / e—sm,\k(l/\rl/m’ Ql/\|1/m797y)d/\ . dm’.
2w T
Thus, we are left to show that

kr(s,v,y) = 2—17;/Fe‘sm’\k(l)\|'1/m,vs!)\|1/m,0,y)d/\

satisfies the properties listed in (D). To see this, observe that making the change
of variables A ++ s57™X and using the fact that R(A) + S(}) is holomorphic so
that the contour s™T can be shifted back to I', we can write

br(s. ) =575 [ R 0™ 0,
27 T
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In view of the asymptotic properties of k(r, v, 8, y), utilizing this integral expres-
sion for kr(s,v,y) it is straightforward to verify that kr(s,v,y) has the asymp-
totic properties listed in (D). Our proof is now complete. |

This theorem together with the mapping properties of b-pseudodifferential
operators give two immediate corollaries. Given Hilbert spaces H; and Hs,
B(H1,Hs2) denotes the bounded linear operators from H; to Hz. Recall that
H(X) is defined as the space of distributions u such that ¥§(X)u C L}(X).

COROLLARY 3.2: Let A € x~"Diff}*(X), m € Z*, be fully elliptic with respect
to a € R on a sector A of the form (3.1). Then for any s,s' € R,

(3.6) et € C™((0, 00)y; Bz H (X ), 2% H (X)),

and for each k € Ny and s € R, down tot = 0 we have

(3.7) e~ e CF([0,00); B(x® ™ HS (X)), 0™~ mR FHS~ME(X))).
Moreover, et4|,—g = Id on x* ™ H{(X), and e™'4 satisfies the heat equation

(3.8) (0 + A)e M =0, t>0.

Proof: The structure of the heat kernel in Theorem 3.1 along with the mapping
properties of the “full” calculus of b-pseudodifferential operators (see [21, Th.
3.25] or [22, Ch. 5]) imply that (3.6) holds. The standard argument shows that
the heat equation (3.8) is satisfied.

It remains to prove (3.7). Since dfe~t4 = (—A)¥e~t4 by (3.8), it suffices
to prove (3.7) for k¥ = 0 by the mapping properties of A in (2.3). But the
k = 0 case follows again from Theorem 3.1 and the mapping properties of b-
pseudodifferential operators [21], [22]. |

The following corollary might be interesting for those readers familiar with
“blow-up”. As always, let t = s™. Let Xg denote the blown-up space [[0,00)s X
X;{s =0} x Y]. We refer the reader to [10] or [21] for the definition of blow-
up. Let 8: Xy — [0,00)s x X be the blow-down map and set bx = *(Y);
tf = 3*({s = 0} x ¥); and tb = g*({s = 0} x X). For the definition of the
polyhomogeneous spaces A,y appearing the following result, see [21)].

COROLLARY 3.3: Let A € x~"Diff]*(X), m € Z*, be fully elliptic with respect
to a € R on a sector A of the form (3.1). Then given any index set F with
ReF > « — m, the heat operator defines a continuous linear map

et AL (X) — AS, (Xu),
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where G = (Gox, Git, Gip) = (Gi{a)U(E(a) + F), F,Ny). Here, the index sets
Gn(«) and E(«a) appear in (2.5).

Proof: This result follows directly from the structure of the heat kernel in The-
orem 3.1 and following the proof of [21, Prop. 3.28] that describes the mapping
properties of the usual “full” b-calculus on polyhomogeneous functions. B

We now discuss trace expansions of the heat kernel on the diagonal. To start,
we review residue densities; cf. [26]. Let Q@ € ¥;*(X) where m € Z. Let U, x R}
be a coordinate patch on Xg overlapping Ay such that Ay, 2 U x {0}. Then on
this coordinate patch, we can write (see Remark 2.3)

Ko = [ e Sq(y.)te - anr

where ¢(y, ) is a classical symbol of order m. Then the Wodzicki residue density
of Q is by definition

(39) Res(@) = [ 4-a(0 - dniy),

gl=1
where q_,(y,£) is the homogeneous component of ¢(y,§) of degree —n. It is a
remarkable property that Res(Q) is defined independent of coordinates; see {17].
Thus, the local definitions (3.9) produce a global density Res(Q) € C*®(X, (),
where €2, is the b-density bundle (i.e., the span of the b-measure dm).

Now let Q(A) € x"'B\I!Z‘;\d(X ) be holomorphically tempered. Then Q(A) is
holomorphic on a neighborhood of A by definition. Hence, we can define the
Mellin transform of Q(X) to be the operator

1
M@() = 5= [ FQmax
TJr
where T" is the contour (3.2) with the number ¢ in (3.2) now chosen to be a
(small) positive number, and where A* is defined by its standard branch.

By computations similar to those in Theorem 3.1 and by using the results of
[20, Sec. 7], see especially Theorem 7.5 of loc. cit., one can prove that M(Q)(z) €
g=f-ds-dygzdtmtd(X) Tn particular, for 2 of form (k—m—n)/d—1 where k € Ny,
M(Q)(z) is of order k — n; so its residue density is defined, and

k—-m-—-n

Res(M(Q)(£)) € z™PHmFn=kCo(X ), €= o E 1.

The operator 9.M(Q)(z) is an example of an operator with “log-polyhomo-
geneous” symbols as studied by Lesch [17]; these operators also have well-defined
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residue densities. Let M(Q)(z) = x~#~%~4Q(z), where Q(z) € TFHt™He(X).
Then it follows that . M(Q)(z) = — log 24 M(Q)(z) + z~#~9799.Q(z). Thus,
Res(d, M(Q)(£)) for ¢ = (k — m — n)/d — 1 where k € Ny, in general di-
verges logarithmically at the boundary. However, if { € Ny, it turns out that
Res(M(Q)(¢)) = 0 (this was used in [20, Lem. 6.9]). Thus, when ¢ € Ny, it
follows that

Res(0, M{Q)(£)) € x=PFmIn—kCoo X ), if L e Ny.

The next theorem follows from Theorem 3.1, applying the results of [20, Lem.
6.16]. To avoid reproducing the arguments of loc. cit. we omit the details.

THEOREM 3.4: Let A € x~™Diff}*(X), m € Z*, be fully elliptic with respect
to a € R on a sector A of the form (3.1). Then given B € x_BDifff,n((X), let
Be~t4|5 denote the Schwartz kernel of Be™'4 restricted to the diagonal of X2.
Then ast — 0, we have

o0
(3.10) Be——tAIA ~ kat(k—m’_n)/m’
k=0
where v, € 2~ P+ 1=k (X ). Moreover, if ¢ = (k — m' —n)/m, then

F(—() (_1 +1

v = ——Res(BAY) if t ¢ Ny, v = Res(Blog AA) if { € Ny,
m m - f!

where we define
(3.11) Res(BA‘) =Res(M(Q)(¢)) and Res(BlogAA’) = Res(8.M(Q)({)).

with Q(A) the holomorphically tempered operator given in Theorem 2.4. The
asymptotic sum (3.10) means that for any N € Z+ we have

N—1
(3.12) Be_tAIA _ Z ,th(k—m —n)/m _ y(N-m _")/m'rN(t),

k=0

where 7y (t) is bounded at t = 0 with values in £=F+m'+n=NCO(X Q).

Note that the Schwartz kernel gets progressively singular at © = 0 as N gets
larger. Thus, the asymptotic sum (3.10) cannot be integrated over X to attain

a trace expansion. The trace of Be~*4 will be examined in the next section.

3.2. TRACE EXPANSIONS.  Our goal is to prove Theorem 1.1 of the introduction.
We begin by reviewing the definition of the b-integral; cf. [22, Sec. 4.19].
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LeMMA 3.5: Let u(z) € 272C([0,1),) where 8 € R. Then for any nonzero
a €C, themap C3 2~ [z°°u(z)% defines a meromorphic function on C with
simple poles at = = —(k — f)/a, where k € Ny, with residue 1/(ak!)d%(2°u)(0).

Proof: Expanding u in Taylor series gives u ~ %3 22 2% /kl9%(xPu)(0).
Since fol go* Bthd = 1/(az — B+ k) = a"'/(z + (k— B)/a) for Rez sufficiently
large, our lemma follows. 1

This lemma implies that given u € x‘ﬁCoo(X, Q,), where g € R, the map
C > z+ [y 2°u defines a meromorphic function on C. The regular value of this
map is called the b-integral of u and is denoted by ”f U.

We are now ready to prove Theorem 1.1. Let B € x_BDiﬁ“;"’ (X), 8 € R,
m’ € Ny, and let A € 2~™Diff}*(X), m € Z* with m > 3, be fully elliptic with
respect to o € R on a sector A of the form (3.1).

Proof of Theorem 1.1: The structure of the Schwartz kernel of Be=*4 in
Theorem 3.1 plus arguments similar to those in [22, Sec. 4.18] imply that BetA
is trace class on 2 ™L2(X) for ¢t > 0 with trace obtained by integrating the
Schwartz kernel restricted to the diagonal.

Assume that B is supported away from Y. Then by Theorem 3.4, it follows that
S X tr Be~'4 can be expanded as in (1.4) but without the second sum. Moreover,
the same theorem implies the formula for ax in (1.5), and that the constant term
in the expansion is given by (1.7) but without the second term.

We now assume that tr Be~t4

is supported on a patch [0, €),; X Uy, where U, is
a coordinate patch on Y. We may assume that dm = (dz/x)dy and that g[a, =
on this patch. Now write Be~*4 = Q(t) 4 T'(t), where Q(t) and T(t) are given
in (3.3). We analyze the trace of each of Q(t) and T'(¢#).

Since TrT'(¢) is the easiest to analyze, we start with Tr 7(¢). By Part (D) of

Theorem 3.1, it follows that we can write

TeT(t) = //x_ﬁf(s,x/s,y)‘iidy, t=sm,

where f(s,v,y) is smooth in y: smooth in s € [0, 00); and smooth in v € (0, c0),
vanishing to infinite order as v — oo, and can be expanded at v = 0 with the
index set E(a). Since ReE‘(a) > m (see the definition of E(a) in (2.6)), the
integral in z is convergent. Now changing variables x — v = x/s gives

(3.13) TrT(t) = 57 / / v—ﬂf(s,v,w%‘idy _ =B/m / / w8 FEm ) Py,

v
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Since f(s,v,y) is smooth at s = 0, it follows that Tr7(f) can be expanded
as in (1.4) but with only the coefficients cx. If 3 = 0, then by (3.13), the
constant term in Tr T( )is given by fooo Jy F(0,v, )dy%, in particular, if fT(
F( s foo® fy £0,v, €4, then by standard facts on the Mellin transform (see
[1, Ch. 4]), {r(z) is a meromorphlc function on C such that

(3.14) Reso{l'(z)Cr(z)} = constant term in TrT(t) as t — 0,

where Resg signifies regular value. We will use this fact later.
Consider now Q(t). Relying on the notation of Theorem 3.1, we can write

TrQ(t) ///1 “Pa(t/z™, x,y, §)d‘£dy?.

Note that the variable y plays the role of a parameter. Thus, in what follows
we omit the variable y for notational simplicity; at the end of this proof, we just
need to remember to insert [ dy.

Let M(z) be the Mellin transform of Tr@(t). Then making the change of
variables ¢t — tx™, we can write

M(z) = / 7 Tr Q(t)dt = F(:)/Imz—ﬂq(;,r)d—x,
0 I
where
1 o9
(3.15) q(z,2) = ——/ =1 /q(t,x,g)dgdt.
I'(z) Jo
By the Mellin inversion formula, we can write Tr Q(t) in terms of M (z):
1 c+100 .
(316) TI'Q(t) = Rl_lw t ]V[(:)d:,

where ¢ >> 0. By Cauchy’s theorem, the poles of M(z) are responsible for the
powers of t that occur in the expansion of TrQ(t) as t — 0; see [1, Ch. 4]. Thus,
it remains to investigate the poles of M (z).

In what follows, we denote (j —m' —n)/m by z; for j € Ny. Then by Lemma
6.16 and Lemma 7.11 of [20], it follows that ¢(z,x) has simple poles whenever
2= —{ where { = z; ¢ Ny, with residue given by

1 :
(3.17) Resiq(z, @)|zaep = Em“""”Res(M(Q)(()), 0=z ¢ No.
Moreover, q(—¢,x) = 0 for ¢ € Ny and ¢ # z; for any j, and if ¢ = z; € Ny, then

1
(3.18) g(=tz) = -~ P Res(9, M(Q)(0)), €=z € Ny.
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Now, I'(z) has only simple poles occurring at = = —¢ where ¢ € Ny with residue
(—1)¢/¢l. Thus, as M(2) = T(z) [ 2™*27Pq(z,2)%, by Lemma 3.5 and the
meromorphic properties of ¢(z, ) mentioned above, M (=) has poles of order at
most two occurring only when z is of the form = = —/, where for some j € Ny
and k € Ng, we have { = z; = (k— )/m ¢ Ny or { = z; = (k— 3)/m € Ny. The
second order residues in each case are given by

r 1

D 5 (L a5+ Res(MQ) (O} emo £ Mo,
and e .

%ﬁdﬁ —afcﬁereReS(azM(Q)(f))}lz=o, £ € No.
Since B + mf = k, these second order residues of M (z) are
P(z |) 5 {x*Res(M(Q)(0))}|z=0, if € & No;

(3.19) -y k!

Wak{fkReS(a M(Q)(6)) Ha=o, if € € No.

Since TrQ(t) is given by the inverse Mellin transform of M(z) (see (3.16)), by
Cauchy’s theorem and the meromorphic properties of M(z) (which follow from
the meromorphic properties of I'(z), g(z,), and Lemma 3.5), it follows that
Tr Q(t) has an expansion of the form (1.4). Moreover (see [1, Ch. 4]), since the
second order residues of M(z) are given by (3.19), the log terms in Tr Q(t) are
given exactly by (1.6) (after inserting [ dy). Also, the formula for aj in (1.5)
follows from the formulas (3.17) and (3.18).

We now examine the constant term of TrQ(t) when 8 = 0. Indeed, since
Tr Q(t) is the inverse Mellin transform of M(z), the constant term is exactly the
residue of M(z) at = = 0. Since ['(z) has a simple pole at = = 0 with residue
1 and g(z,) is regular at = = 0 with value —-1Res(9,M(Q)(0 )), and since

)= [2™ T (2)q(z,z )dch by Lemma 3.5 the residue of M(z) at z =0 is

(3.20)  Res;M(z)|;=0 = 7 — %Res((?zM(Q)(O)) ——Reso{F( )q(z,0)}.

Let v = 2/s where s = t!/™. Then observe that

~

o) i= 1 [ QO mepane s = 5 [0 a0, 0006,

where tr Q(t)|y=¢/s.z=0 means first set s = x/v in tr Q(t) and then set z = 0. By
standard facts on the Mellin transform (see [1, Ch. 4]), the properties of q(t, z,§)
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imply that QA‘Q(z) is a meromorphic function on C. In particular, é a(z;B) =
éQ(Z) + {p(z) is a meromorphic function on C. Now, changing variables v

v~/ yields

r(z)¢ ;:m/ -~/m/ vOé)d‘f——:%(—*’/m —2/m,0),

where we used the definition of ¢(z,2) in (3.15). Thus, ~Reso{I'(z)q(2,0)} =
Reso{F (2)Co(: )} This result, plus (3.20) combined with (3.14), and the fact
that (4(z; B) = (g(s)+Cr(z), show that the constant term in Tr Be~*4 as t — 0
is given exactly by (1.7). Our proof is now complete. |

4. Applications

In this last section, we present applications of Theorem 1.1 and the structure
theorem of the heat kernel, Theorem 3.1. We begin with the zeta function. We
now bring back the vector bundle E that we have been leaving out.

Let A € x~™Diff ' (X, E), m € Z*, be fully elliptic with respect to « € R on
a sector A of the form (3.1). Suppose that (4 — A)~! exists on a neighborhood
of A. Then, in [18] we show that as a consequence of Theorem 3.1, the complex
power A* of A exists and defines an entire family of b-pseudodifferential operators
satisfying A AY = A**Y for z,w € C. Also by [18] it follows that given any B €
x_BDiffZL,(X, FE) where 8 € Rwith 3 < m, for Rez < min{(—m’—n)/m, -8/m},
the operator BA* is trace class on 2 ™L2(X, E).

Proof of Theorem 1.2: Using the well-known formula for the complex powers in
terms of the heat operator:

we can write 1
TrBA® = —— M(f)(-2),
M)
where M(f)(z) is the Mellin transform of the function f(t) = Tr(Be~*4). This
theorem now follows from the results on the poles of Mellin transforms found in
[1, Sec. 4.3], using the expansion (1.4) of Tr(Be~*4) as t — 0, plus the fact that

1/T(-z) vanishes for = € Ny. |

Assume now that A: z®*H["(X,E) — z* ™L(X,E) is self-adjoint and
positive. We prove Theorem 1.3 and Theorem 1.4. Please see the introduction
for the notation used in the following proofs.
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Proof of Theorem 1.3: The leading coefficient of the trace expansion (1.4) (with
B =1d) in Theorem 1.1 can be verified to be given by

F_(%TﬂyxRes(A"/m) - To/m) /s*x tr{alo. )" dpds

m(27)"

where a(p,£) is the principal symbol of 4. The Karamata tauberian theorem
(see [25, p. 122]) applied to the integral Tre=*4 = [ e~**dN()) now completes
the proof. |

Proof of Theorem 1.4: Let h(t,p)dm(p) = tre~*4 be the fiber trace of e~*4
above the point (p,p) on the diagonal. Then, h{t,p) = [5 e~ dtre(p,p, A).
Substituting tx™ (where x = z(p)) for ¢, we find that

h{tz™,p) = / e~da(p, ), o(p,A):=tre(p,p, /™).
0
Substituting tz™ for ¢ in Equation (3.12) of Theorem 3.4 gives
h(tz™, p)dm(p) —t "™ ca(p)dm(p) = 7/ My (1),

where c4(p)dm(p) = x~"T'(n/m)/m Res(A="/™), and where r{(t) is bounded at
t = 0 with values in 2?~1C9(X, Q). It is straightforward to verify that

calpm(p) = TEL [ trfan(p, ) - (),

m(2

where a,(p, €) is the b-principal symbol of 2™ A. Tt follows that as ¢ — 0,
o0
(4.1) / e—“\da'(p, A) = t—n/mCA(p) + O(t—n/m—#l/m)’
0

where the O estimate is uniform in the topology of C%(X). Applying the Kara-
mata tauberian theorem now yields the spectral estimate (1.9) of Theorem 1.4.
Note that since the (O estimate on the right-hand side of (4.1) is uniform for
p € X, it follows from the proof of the Karamata tauberian theorem that the o
estimate on the right-hand side of (1.9) is also uniform for p € X. |
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